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Summary

Part I

I We report results of numerical dynamo simulations

I These are in the regime where the Lorentz force plays a
leading order role

I We develop a new relation between energy and dissipation

I The prediction for the dissipation in the Earth’s core (2TW) is
sensible — but relies on a huge extrapolation

Part II

I I report on progress towards a complementary theory, in which
viscosity is zero

I Introduce a new method for computing mean field dynamos

I Extendable to 3-D convective dynamos



Preamble: Energies and dissipation in Earth

For Earth: at core surface B ∼ 0.2mT → 2mT in interior

EM =
B2

2µ0
∼ 0.1− 10 SI

For Earth: at core surface V ∼ 0.5mm/sec

EV =
ρv2

2
∼ 10−3 SI

So EM � EK by 102 − 104

Also almost 100% of dissipation is Ohmic (J2/σ) rather than
viscous
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Two important numbers:

Ekman
Magnetic Prandtl



Diffusivity ratio

Magnetic Prandtl number = Rate of diffusion of momentum
Rate of diffusion of B-field = ν

η

In metals this is 10−5 or less.
Can lead to scale separation between velocity and magnetic field:
Length scale of B > Length scale of v
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e.g. Ekman number of

I mantle E ∼ 1010

I bath of water E ∼ 1

I oceans E ∼ 10−9

I Earth’s core E ∼ 10−15

I Numerical simulations: E ∼ 10−5 − 10−7



Parameter Space



Parameter Space



In our models dissipation is Ohmically dominated

Ohmic fraction

Magnetic Prandtl



The governing equations I.

We begin with the dimensional equations describing core dynamics
under the MHD and Boussinesq approximations:

ρ0
∂u

∂t
+ ρ0(u · ∇)u + 2ρ0Ω(ẑ × u) =−∇P + ρ0αg0T r̂

+
1

µ0
((∇× B)× B) + ρ0ν∇2u

(1)

∂B

∂t
= ∇× (u× B) + η∇2B (2)

∂T

∂t
+ (u · ∇)T = κ∇2T + h (3)



Non-dimensionalised Navier-Stokes and Induction

E

Pm

(
∂u
∂t

+ (u ·∇) u
)

+ ẑ× u =−∇Π + Ra PmT r + E∇2u

+ [∇× B]× B,

∂B

∂t
= ∇× (u × B) +∇2B,

with ∇ · u = ∇ · B = 0, where u denotes the core flow, Π the
modified pressure, B the magnetic field and T the temperature.
Pr=1
Augment with equation of heat transport



Numerical calculations

I We use a variety of Rayleigh numbers

I Prandtl number is always unity

I We follow Sakuraba & Roberts and use half internal heating
(secular cooling) and half heat flux at the inner core boundary

I The heat flux is constant at the CMB; horizontal temperature
variations are able to develop there

I Inner core is electrically conducting

I Mantle is electrically insulating

I Non-slip boundary conditions on velocities



The Simulations

Case Ekman Rayleigh q=Pm Pr

S0 1.18E-06 219.7 0.20 1.0
S1 1.18E-06 1098.5 0.20 1.0
S2 1.18E-06 6591.0 0.20 1.0
S3 1.18E-06 219.7 1.00 1.0
S4 2.95E-07 6591.0 0.05 1.0



Sheyko’s scale separation; E=3×10−7; Pm=0.05

12

10−2

10−1

100

101

102

103

104

1 10 100

E
ne

rg
y

l

Spectra, average over ∆t = 0.3576. Case 0.

l1/3
l−5/3

l−10/3

l−11/3

l−4/3

l−3

Velocity
Velocity HYDRO

Magnetic

(a)

101

102

103

104

105

1 10 100

E
ne

rg
y

l

Spectra, average over ∆t = 0.0589. Case 1.

l1/3
l−11/3

l−5/3

Velocity
Magnetic

(b)

104

105

1 10 100

E
ne

rg
y

l

Spectra, average over ∆t = 0.0054. Case 2.

l1/3
l−11/3

l−5/3

Velocity
Magnetic

(c)

101

102

103

104

105

106

1 10 100

E
ne

rg
y

l

Spectra, average over ∆t = 0.0053. Case 3.

l1/3
l−11/3

l−5/3

Velocity
Magnetic

(d)

102

103

104

105

1 10 100

E
ne

rg
y

l

Spectra, average over ∆t = 0.0054. Case 4.

l1/3
l−11/3

l−5/3

Velocity
Magnetic

(e)

101

102

103

104

1 10 100

E
ne

rg
y

l

Spectra, average over ∆t = 0.0329. Case 6.

l1/3
l−11/3

l−5/3

Velocity
Magnetic

(f)

Figure 6.6: Time-averaged (end of the run) magnetic and kinetic spectra (energy vs. l).

Longitudinal spectra

In comparison with latitudinal, longitudinal energy spectra (fig. 6.8) have less correspondence
to Fourier-decomposed energies, which are good represented in theories. Therefore this sec-
tion is dedicated to empiricism: we measure and present spectral slopes without corresponding



A hot tangent cylinder
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Figure 6.25: Meridional sections of phi- and time- averaged fields. Case 4
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Figure 6.26: Meridional sections of phi- and time- averaged fields. Case 6

Meridional sections of φ- and time- averaged fields. Case 4.



Longitudinally-averaged φ-force balance (S4)
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Spectrum shows magnetostrophic force balance at large scales
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a) b)

Solid line D = 1.35E
3/2
M . Models S1-3 have same Pm and E .

D=Magnetic dissipation
EM=Magnetic energy
S4 has four times lower Pm and E .
A regression on E , Pm weakly predicts Ohmic dissipation in Earth
of 2TW.



Reduced Ohmic dissipation

Magnetic Prandtl



Summary

I We achieved a balance Coriolis ∼ Lorentz ∼ Pressure ∼
Buoyancy

I Strong fields are inside tangent cylinder

I Empirical scaling law: D ∼ E
3/2
M

I Dissipation rises as Pm is reduced. . . counteracted by a
decrease as Ekman number is dropped

I Suggests ∼2TW of Ohmic dissipation (c.f. 44TW leaving
whole Earth)

I Computer time: 1700 CPU years
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Readers are encouraged to submit letters for 
possible publication. Letters can be submitted 
either electronically through the system 
used for articles, by email attachment to 
weather@wiley.com or by post, as shown on 
the Contents page. The Letters Editor reserves 
the right to edit any letter. 

Letters

Snow cover in the western 
Cairngorms
I imagine Adam Watson or one of the 
‘Scottish Snow Patches’ team (cf. Cameron et 
al., 2016, and previous such) will comment, 
but in case not – if only to avoid climate 
sceptics referencing the Andrews article 
elsewhere to show they’re right! – my own 
comments would be as follows.

As someone familiar with the area in 
the Cairngorms covered in the article by 

Andrews et  al. (2016) in the July issue of 
Weather on the snow cover there, I too was 
initially surprised by the lack of correlation 
of the increasing persistence seen with the 
‘Snow Patch’ data provided annually by 
Adam Watson’s group.

However, the former involved estimating 
the extent of predominantly ‘flat’ lying snow 
across an extensive area of varied terrain, 
whereas the latter is an autumn survey of 
snow patches remaining into the winter 
from wind-blown ‘dry’ snow earlier in the 
year, typically off the Cairngorms plateau 
or other nearby raised ground. In addition, 
the Watson group have greatly extended 
the area searched, from what started out 
many years ago as a relatively restricted area 
in the corrie to the east of the Braeriach 
plateau to the much more extensive surveys 
of late (which inevitably means more such 
being recorded).

Again, one wonders whether there has 
been an increase in the overall precipita-
tion, including springtime snow, in the area 
surveyed by Andrews et al.

References
 Andrews C, Ives S, Dick J. 2016. 
Long-term observations of increasing 
snow cover in the western Cairngorms. 
Weather 71: 178–181.
Cameron I, Watson A, Duncan 
D. 2016. Seventy four Scottish 
snow patches survive until winter 
2015/2016. Weather 71: 228–230.

John Davis
Harpenden, UK

doi:10.1002/wea.2916

Raymond Hide was born on 17  May 1929 
into a working class family in an impover-
ished coal mining village in South Yorkshire. 
The eldest of three brothers, he had a tough 
early life. His father committed suicide when 
he was 12, and his mother left the family 
shortly afterwards, leaving Raymond and his 
grandmother to bring up his two younger 
brothers, earning money cleaning windows 
and working in a baker’s shop. Despite these 

hardships (or perhaps because of them?) 
he turned to academic study, at which 
he excelled. He won several scholarships, 
first to the Percy Jackson Grammar School 
near Doncaster and later to read Physics 
at Manchester University, from which he 
graduated in 1950 with first-class honours. 

It was during his time at Manchester that 
he encountered the Nobel Prize-winning 
physicist P. M. S. (later Lord) Blackett which, 
together with his coal mining industry 
background, fired his lifelong interest in 
geophysics. At this time in the late 1940s, 
Blackett was exploring a new theory for 
the generation of the Earth’s magnetic 
field, and Raymond became involved in 
some of Blackett’s measurements while at 
Manchester. Blackett’s theory was in com-
petition with the dynamo hypothesis, which 
was being promoted at the time by Sir 
Edward (‘Teddy’) Bullard, then at Cambridge 
University. Raymond subsequently went to 
Cambridge to work for his PhD, initially to 
investigate a laboratory analogue of fluid 
motion in the Earth’s core in the form of 
a differentially heated, rotating, cylindrical 
fluid annulus. Although this experiment 
was a long way from being able to cap-
ture the Earth’s geodynamo, its possible 
link to the dynamics of the atmosphere 
was only made (according to Raymond’s 
own account) following a chance encoun-

ter with Sir Harold Jeffreys, who happened 
to pass by Raymond’s experiment when it 
was running, peered over his shoulder and 
remarked Hmm – looks like the atmosphere! 
This opened up a wholly new perspective 
on these rotating annulus experiments, and 
Raymond’s seminal observations of baro-
clinic waves quasi-periodic ‘vacillations’, 
intransitive multiple flow states and hys-
teretic transitions towards irregular states 
we now interpret as ‘deterministic chaos’ or 
‘geostrophic turbulence’. It is difficult now to 
overestimate the significance of these dis-
coveries, which predated the much more 
prominent developments in the theory of 
dynamical systems and chaos in the 1970s 
and 1980s by others such as Ed Lorenz, 
David Ruelle and Floris Takens.  

After his PhD, Raymond moved briefly 
to work with S. Chandrasekhar at the 
University of Chicago in the USA, where 
he also met fellow experimentalist Dave 
Fultz (famous for his ‘dishpan’ baroclinic 
convection experiments), before spending 
a period of National Service working in 
plasma physics at Harwell. Raymond met 
Ann Licence whilst at Harwell, marrying her 
in 1957 and beginning a long and devoted 
partnership that lasted until Ann’s death in 
2015. He became a Lecturer in Physics at 
King’s College, University of Durham (now 
the University of Newcastle upon Tyne) in 

Obituary Raymond Hide, CBE ScD FRS



The magneto-hydrodynamics of a rotating fluid 

and the earth's dynamo problem 

BY J.B. TAYLOR  

U.1c.A.E.A ., Culham Laboratory, Abinydon, Berkslzi~e  

(Commz~nicated by Sir Edward Bullard, F.R.S.-Received 14 February 1963) 

This paper discusses a rotating, incompressible fluid enclosed within a rigid boundary which is 
a, surface of revolution. I t  is shown that if viscous forces are negligible, then, in the presence 
of magnetic fields, the fluid can execute slow, steady relative motions only if the magnetic 
force satisfies a constraint. I n  cylindrical polar co-ordinates this constraint can be wit ten 

that is, the couple exerted by the magnetic forces on any cylinder of fluid coaxial %-it11 the 
axis of rotation must vanish. 

Furthermore, subject to certain restrictions on the shape of the container (which, for. 
example, are fulfilled by a sphere but not by a cylinder), it is shown that if the field satisfies 
the above condition then the fluid velocity is completely determined by the instantaneous 
value of the magnetic field (together with that of the density if buoyancy forces are im-

portant). This velocity is such that the necessary conditions on the field will continue to be 
satisfied. An algorithm for the determination of the velocity is given and its application to 
the earth's dynamo problem is indicated. 

This paper is concerned with the influence of magnetic forces on the behaviour of 

a rotating, incompressible, conducting fluid. It is well known (Proudman 1916; 

Taylor 1921) that in the absence of external forces the slow relative motions of a 

rotating, inviscid fluid are confined to planes a t  right angles to the axis of rotation. 

Bullard & Gellman (1954) have pointed out that if the rotating fluid is contained 

in a rigid spherical container then the restriction on the motion is even more severe ; 

in fact the only slow free motions in a rotating fluid contained in a rigid spherical 

envelope are those in which cylindrical shells rotate like rigid bodies about the axis 

of the main rotation. 

The present discussion concerns theorems of a. similar nature to that of Proudman 

and Taylor, but which refer to the influence of external forces, such as the Lorentz 

(j x B) force in a conducting fluid. Specifically the present results will be derived in 

the context of the earth's dynamo problem since this is an application in which they 

may be particularly useful. 

(a) The dynamo problem 

It is widely believed that the magnetic field of the earth is produced by a self-

excited dynamo action resulting from convection in a rotating, conducting fluid 

such as the earth's core. (See, for example, the recent review by Hide & Roberts 

(1961) which contains references to earlier work, in ~a~rticular that of Bullard and 

of Elsasser.) 

A	Revived	Approach	



Navier-Stokes and Induction

[Non-dimensionalised]

Ro

�
�u
�t

+ (u · r)u

⇥
+ ẑ⇥ u =�r� + C r̂ + E⌅2u

+ [r⇥ B]⇥ B,

�B
�t

= r⇥ (u⇥ B) +⌅2B,

[+ equation of heat transfer]

with r · u = r · B = 0, where u denotes the core flow, � the
modified pressure, B the magnetic field and C the buoyancy force.
Ro ⇤ 10�9 (Rotation/Magnetic Decay)
E ⇤ 10�15



Magnetostrophic Balance

[Non-dimensionalised]
Slow motions

ẑ⇥ u =�r� + C r̂ + [r⇥ B]⇥ B,

Coriolis Pressure Buoyancy Lorentz



The onset of convection

I Slow motions governed by Proudman-Taylor theorem:

@u

@z
= 0(z parallel to ⌦)

I Viscosity breaks P-T and allows convection to occur
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Repercussions of Ro = E = 0

I NOT the Euler equation for velocity

I Seductive: no viscosity removes the need to resolve thin
boundary layers whilst the absence of inertia filters out very
short time scales

I Magnetic forces provide a mechanism by which the Taylor-
Proudman theorem can be broken, and convection is then
permitted even in the absence of viscosity

I Dissipation by Joule heating (Ohmic dissipation), provides a
mechanism to remove small scales, allowing the system to
attain a large-scale equilibrium

I Dispersion relation: inertial waves removed, only the so-called
MC branch remains — GOOD!

I Similar filtering to r · u = 0: no sound waves
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The Taylor State (Taylor [1963])

This truly makes viscosity unimportant (E=Ro=0) [Dimensional]
Integrate

2�� ⇤ v = �⌅p + J ⇤ B + �0g
Coriolis force = �Pressure Gradient + Lorentz Force + Buoyancy

over cylinders coaxial with rotation axis; find

T =

�

C(s)
[J ⇤ B]� d⇥ dz = 0 ⇥s

Applies on every cylinder.
Taylor showed that when this condition is satisfied, the flow in the
core can be uniquely found. [It is necessary and su�cient].

There	is	a	degree	of	freedom	to	allow	the	Taylor	State	to	be	achieved.	
It	is	the	geostrophic	flow	UG(s).	



One di�culty
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The	dynamical	case	
 ∂Β 
∂t 

          ⎯ = ∇∧(u∧B + αB) + η∇2B  
       z∧um = -∇p + J∧B  

Comparison with Wu & Roberts (2014), III

⌅

R
u2
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kinematic model at criticality (αc ≈ 13.11). Since the latter is a linear model, its M is arbitrary,
and we have scaled it in figure 7(b) to equal M for the MS model of figure 7(a). The structures
are clearly very similar, both having one O-type neutral point in each hemisphere at similar
locations.

Meridional streamlines and zonal flow are shown in figure 8 for α0 = 14.5. Evidently, the
geostrophic U (s) dominates the ageostrophic vφ(s, z) in figure 8(b) but the ageostrophic flow
is clearly significant in the band 0 ∼< s ∼< 0.4 for |z| ∼> 0.6. It becomes even more pronounced
as α0 increases; see figure 9 which strongly suggests that, if an inner core had been included
in our models, flow and field would have been very different.

Figure 6 showed that M in the saturated state grow as α0 is increased, and figure 9 indicates
that the ageostrophic flow becames more prominent. Confirmation is provided by figure 10(a)

Figure 9. Variation of the zonal flow as α0 is increased, as shown by
Duφ(s) ≡ (uφ(s, z))max wrt z − (uφ(s, z))min wrt z .

Figure 10. (a) The variation with α0 of the kinetic energies KG and KA contained respectively in the geostrophic
flow uG (s) and the ageostrophic flow uA(s, z) in the saturated state; (b) the ratio KA/KG as a function of α0.
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       u= um+ug   

 
 
Ratio of geostrophic  
energy to ageostrophic: 
Geostrophic component  
dominant 
 Forcing -> 



Comparison with Wu & Roberts (2014), I

⌅ dipole symmetry with ↵0 = 14.5
(a) BM
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Figure 7. A comparison of the meridional field lines of BM for (a) the saturated MSα2-dynamo model for α0 = 14.5
and (b) the marginal linear α2-dynamo for α0 = 13.11; see also figure 1(b). The solutions are shown in the northern
hemisphere only; the symmetry (11d) gives them in the southern hemisphere: A(s, −z) = A(s, z). Both plots use the
same contour intervals.

Eventually, as B saturates, M asymptotes to 0.223, 0.164, 0.123, and 0.094, respectively.
The corresponding values of λ are included on the lower curve of figure 5 which shows
λ as a function of α0 for the MS states. The upper curve of figure 5 displays λ(α0) for
the corresponding kinematic cases where u ≡ 0. From figure 5, the critical value of αT is
approximately 13.80 which, as expected, exceeds the marginal αc = 13.11 for the kinematic
model. Figure 5 applies to the growing B of small amplitude MS states; in contrast, figure 6
shows M for the final saturated MS state. This confirms that αT ≈ 13.80.

In figure 7, the curves of constant s A which are the meridional field lines, are shown for the
final steady-state MS dynamo forα0 = 14.5, and are compared with those of the corresponding

Figure 8. The streamlines of the meridional velocity (a) and the zonal velocity (b) in the saturated state for the
MSα2-model for α0 = 14.5. The zonal velocity, u = u A

φ + uG
φ , is dominated by its geostrophic part, uG

φ = sζ , except
where s is small and z is large. The solutions are shown in the northern hemisphere only; the symmetries (11f,g) give
them in the southern hemisphere: ψ(s, −z) = −ψ(s, z), u(s, −z) = u(s, z).
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Figure 7. A comparison of the meridional field lines of BM for (a) the saturated MSα2-dynamo model for α0 = 14.5
and (b) the marginal linear α2-dynamo for α0 = 13.11; see also figure 1(b). The solutions are shown in the northern
hemisphere only; the symmetry (11d) gives them in the southern hemisphere: A(s, −z) = A(s, z). Both plots use the
same contour intervals.

Eventually, as B saturates, M asymptotes to 0.223, 0.164, 0.123, and 0.094, respectively.
The corresponding values of λ are included on the lower curve of figure 5 which shows
λ as a function of α0 for the MS states. The upper curve of figure 5 displays λ(α0) for
the corresponding kinematic cases where u ≡ 0. From figure 5, the critical value of αT is
approximately 13.80 which, as expected, exceeds the marginal αc = 13.11 for the kinematic
model. Figure 5 applies to the growing B of small amplitude MS states; in contrast, figure 6
shows M for the final saturated MS state. This confirms that αT ≈ 13.80.

In figure 7, the curves of constant s A which are the meridional field lines, are shown for the
final steady-state MS dynamo forα0 = 14.5, and are compared with those of the corresponding

Figure 8. The streamlines of the meridional velocity (a) and the zonal velocity (b) in the saturated state for the
MSα2-model for α0 = 14.5. The zonal velocity, u = u A

φ + uG
φ , is dominated by its geostrophic part, uG

φ = sζ , except
where s is small and z is large. The solutions are shown in the northern hemisphere only; the symmetries (11f,g) give
them in the southern hemisphere: ψ(s, −z) = −ψ(s, z), u(s, −z) = u(s, z).
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Meridional B field at saturation 



Comparison with Wu & Roberts (2014), II
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Figure 7. A comparison of the meridional field lines of BM for (a) the saturated MSα2-dynamo model for α0 = 14.5
and (b) the marginal linear α2-dynamo for α0 = 13.11; see also figure 1(b). The solutions are shown in the northern
hemisphere only; the symmetry (11d) gives them in the southern hemisphere: A(s, −z) = A(s, z). Both plots use the
same contour intervals.

Eventually, as B saturates, M asymptotes to 0.223, 0.164, 0.123, and 0.094, respectively.
The corresponding values of λ are included on the lower curve of figure 5 which shows
λ as a function of α0 for the MS states. The upper curve of figure 5 displays λ(α0) for
the corresponding kinematic cases where u ≡ 0. From figure 5, the critical value of αT is
approximately 13.80 which, as expected, exceeds the marginal αc = 13.11 for the kinematic
model. Figure 5 applies to the growing B of small amplitude MS states; in contrast, figure 6
shows M for the final saturated MS state. This confirms that αT ≈ 13.80.

In figure 7, the curves of constant s A which are the meridional field lines, are shown for the
final steady-state MS dynamo forα0 = 14.5, and are compared with those of the corresponding

Figure 8. The streamlines of the meridional velocity (a) and the zonal velocity (b) in the saturated state for the
MSα2-model for α0 = 14.5. The zonal velocity, u = u A

φ + uG
φ , is dominated by its geostrophic part, uG

φ = sζ , except
where s is small and z is large. The solutions are shown in the northern hemisphere only; the symmetries (11f,g) give
them in the southern hemisphere: ψ(s, −z) = −ψ(s, z), u(s, −z) = u(s, z).
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Total azimuthal flow at saturation;  
geostrophic component dominates 



The	rewards	of	filtering	waves	

•  Time	step	controlled	only	by	Courant-
Friedrichs-Lewy	condiGon:	dt<dx/v	

•  No	waves	(Alfven,	inerGal)	to	resolve	

•  Example:	
•  If	Ro=10-9,	as	in	Earth,	then	need	O(1010)	Gme	
steps	to	see	if	the	dynamo	is	self-exciGng	by	
the	convenGonal	route	



Conclusions	
•  Taylor’s	(1963)	inviscid	ideas	can	be	revived	
•  Lorentz	force	acGve	at	zeroth	order	
•  Technical	soluGon:	stable	Gme	integraGon	
•  Our	approach	allows	dynamics	of	Gmescales	of	
O(100)+	years	to	be	modelled	with	viscosity	
having	no	effect	

•  We	demonstrated	the	slow	and	fast	manifold	
relaGonship	

•  Have	many	mean-field	examples	
•  PotenGally	new	types	of	3-D	thermal	dynamo	
soluGons	lay	ahead:	uncharted	territory	


